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1. INTRODUCTION

‘Let U denote a population of N distinguishable units u;
associated with real numbers termed as value X; (i=1, 2, ..N). The
object is to estimate the population total

N .
Tp= 2 X ' e (D)
i=1

by drawing a random sample of size n from the population. The
procedure of drawing a sample-is varying probability without replace-

ment. There are (ZZ) samples if the order of the units in the
sample is not considered, if the order is taken into account then there

-are (]Z) | n_samples. The sampling design is then given by
D=(S, P) . (1.2)

" where S is the set of all possible samples and P stands for the corres-

ponding set of the probabilities of the samples belonging to S.

For the sampling design (1.2) Horvitz and Thompson? intro-
duced three classes of linear estimators for the population parameters
and pointed out that these classes are not exhaustive classes of
possible linear estimators. Koop* and Prabhu Ajgaonkar and
Tikkiwal® independently showed that in all there are seven classes of
linear estimators. Godambe! and Prabhu Ajgaonkas® proved that in
the general class* the Minimum Variance Linear Unbiased Estimator!
(MVLUE) does mnot exist. For any class of linear estimators, when
the MVLUE does not exist the .less restrictive and the serviceable
criterion of mnecessary best estimator was suggested by Prabhu
Ajgaonkar’. He® defines a necessary best estimator as follows :

*The general class is synonymous of Tp-class of linear estimators.



56 JOURNAL OF THE INDIAN SOCIETY OF AGRICULTURAL STATISTICS

Let ¢’ be a class of linear unbiased estimators when the sample,
des1gn D in (2) is employed. It is easily noted that the variance of
t' can be. expressed in-the followmg quadratic form:

N . N
Var ()= 2 Ay Y-+ 2 Ay Vi Y, . - (a)
i=1 iFf=1 )

where the quantity 4;; (, j=1, 2,...N) mvolve the known functions
of probablities and coefficients of the class.

Further let ¢, be an unbiased estimator belonomg to the class ¢’
and that the variance of ¢, be given by

N SN
Var ()= Y b Y+ Y bu Y: ¥ ()
. i=1 iFj=1 .

consider the quantity
Q=Var (t')—Var (t'7)

N ’ N
= 2 (Au—bu) Yi2+ E (Aij_b{j) Yl Yj
i==1 - i#j=1

obtained from equations (a) and ().

Definition :—The estimator ¢’; is a necessary best estimator of
order r for the class ¢’ if all the leading principal minors of Q up to
‘the order r, are positive.

Hege? proved that the'I;f{orvitz-Thompson’s3 estimator is neces- -
sary best estimator of order one in all the classes of linear unbiased
estimators.

-2, NON-EXISTENCE OF NECESSARY BEST ESTIMATOR OF ORDER Two
IN THE T3-CLASS OF LINEAR UNBIASED ESTIMATORS

, In. this class -the weight is associated to the sample. Thus in
‘general Ty-class estimator for the population total T is defined as

Yse 2 (Xr xi,, ~ “ee (21)
r=1 :
when X, represents the outcome at the rth draw and v,, is the weight

associated to the se™ sample. Prabhu Ajgaonkar® while considering
the non-existence of MVLUE in this class when sampling is carried
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out WOR obtains - the . following conditions of unbiasedness of

9"3 for population T,

n o, _

2 Y Wy eoe s Tty Jy Brttones s+ Dol oo Bty o fpiaeesy ln=1
el T .

, se=(iy, iz, eeelp—ysdy i,'+1, voedn) w (222

where Z stands for summation overall pussible saniples @iy, I3y oery

ir-1, J» ir41, i) in which jth unit occurs at the rth draw Such possi-

ble samples are (n—1)! (]:_11 )m number Further Prabhu

Ajgaonkar®, minimising the variance of T3- subject to the condition

(2.2) obtains the optimum weights as :

Y S AT A
1 2

(e x5 4 oee F x5 )
I f

" where N’s are the Lagrangian undetermined multipliers;

Wiy Ty, or dpegy Bpy oerin=

. (2.3)

Now if we consider the population vector X=[x,=0 and x;=0
- for j#i=1, 2,... N] and assume that ith unit occuts at the' .rth draw,
then (2.3) gives ‘
g 7‘1 +2; + +7\ +7\i +7\ +-7\§"

'wil,st "‘jr—l irst'ls "'jﬂ i (xz )2 -
r

» X))
Multiplying (2.4) by p,lja, wee Ipy jrt1, »»+ ju and then summing over
those 5,'s which contain (Ji, ja Jr-1, Irs Jr+1, -+ Ju) uBits then we get,

: : s (%, )2
()‘jl+7\12+"'+7‘]1‘-—1+7‘lr+7\]f+1 . (2.5)
Again (2.5) and (2.4) give
- . s 1
W1y Jas - Jr=15 bes Jritsee Jﬁ_—‘n.'—‘ _ v (2.6)

—_

Thus (2.6) suggests that the necessary best estimator of order one
exists in Ty-class of linear unbiased estimators. '

Again let us consider the populat1on vector X= (xﬁéo x;70
and x';=0; j'#i, j=1, 2,...N). Let-us now consider the four sets
of w’s as '

' (7\i1+7‘5' +o A ) .
st st P 2 n
Wi s asJas vooJn = (xi1+x,,j2+m+xj, #)2 . (27
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O, he A N )

Wfls Iy J 3y o] = (x,, +K +x" . +x9 )a . (2.8)
Ay +7\5 +N; A
Wiy Jas Jgsend n = — : . (2.9)
_ P (.’rzl-i-x,-z+xj3'+...-}-x,’n)2
IR EAE S T
N 1 .. 0
wjl’J gyere J 0 (x51+x52'+...+x,~“')2 (21 )

Prabhu Ajgoankar® has proved that the w’s do not depend on the
order of the units, so that equations (2.8) .and (2.9) are identical.
With the help of the equations (2.7), (2.8), (2.9) and (2.10) we can
easily construct a quadratic, form X’BX=0, where B is the coefficient
matrix involving w’s as its elements. Thus X’BX=0 iff B=0 (a nuil
matrix), which suggests that w’s are all zero ; which gives a contradic-
tiontothe conditions in equation (2.2). Thus the Necessary Best
Estimator of order two m Ts-class of linear unbnased estxmators does
not eXist.

3. NoN EXISTENCE OF NECESSARY BEST ESTIMATOR OF ORDER Two IN
- T4-CLASS OF LINEAR UNBIASED ESTIMATORS

‘The general estimator in T,-class can be defined as

- | T4— E Bro (Xr) vee (3°1)

r=1

where 8,,=B,1, when X,=x, for r==1, 2, ...n ; is the weight associat-
ed with the X™ unit of the population when it appears at the r** draw.
Prabhu Ajgaonkar® has shown that the conditions of unbiasedness

A .
for T for the population total T, are given by
2 Bea Par==1  for A=1,2,..N v (3.2

r=1
Also

N n
Ta-Y P +2 Z
. a=1  r=1. A=1 7.' (#N)=1

x5 ) 2 B, B PO N)—=T2... (3.3)
r=1 s(#r)=1 ,
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Minimising the R.H.S. of (3.3) w.r.t.-(3.2), we get
n N .
B ¥\ Pyt %y 2 Z ) le'p(7\,, A)=u,.
s (F#r)=1 ¥ (#N=1_

. (3.4)
for all r and 7\ where u, is the Lagrangian undetermined multlplxer
With the help of equation (3.4) Prabhu Ajgaonkar® proves that under
certain probability systems the minimum variance linear unbiased
estimator independent of population values exists in this class but
not otherwise and then he considers the criterion of necessary best
estimator in this class and proved the existence of necessary best
estimator of order one. But Tikkiwal'! proved in general that the
MVLUE independent of population values does not exist for any
probability system. So the present authors have investigated the
non—ex1stence of necessary best estlmator of order two in this class,
To maintain the continuity, we also derive the necessary best
estimator of order one. : . :

Consider the population vector X=(x;\960 3c’;\=0 for
A#A=1, 2, ...N). Then equation (3.4) gives '

n equs _
P PPy, - (33)

Summing equation (3.5) over r, we get
2

X X
A"
u)\'=2PT . . (3.6)
From (3.6) and (3.5) we get ,
1.
B”‘:Tx for all r and A. e 3.7)

Equation (3.7) suggests that the necessary best estlmator of order one
in Tyclass exists.

Now if we consider the population vector X=(x; 0, x,\ '£0,
%,"=0 for 2" (#A, N)=1, 2, ... N). Then from equation (3.4) we
get ’

n
By X tx 5" Y B POnAN)=u g, . (38)
s (#r)=1
If the necessary best estimator of order two exists then equations
(3.5) and (3.8) must be simultaneously true. Then subtracting (3.6)
from (3.8) we get ' o :

n

xh‘x)\’ ' 2 Bs?\, p.(}\r’ )\s') jIl=l0ﬂ S e (3'9)
s (Fr)=1
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Since x, and x,’ are not zero and also p (A, A;")7#0 then (3.9) implies
Bsx’=0 for all r and V', which contradicts the conditions of unbiased-

~ ness in'equation (3.2). Hence the necessary best estimator of order
two does not exist in T,-class of linear unbiased estimators.

4. THE Non-EXISTENCE oF ‘NECESSARY BEST ESTIMATOR OF ORDER :

Two IN T,-CLASS

The general estlmator for the populatxon total in Ts-class can
be deﬁned as

. n . : ’
A s . .
Ts= 2 Y2 RN CRY

"_i=1

where Y 5t js the weight associated to use s,"" sample whenever it in-

cludes the i unit. Thus we mnote that there are altogether
A N—1
S'=N ( v

)=n ( ]’:r > weights. The conditions of unbiasedness
can be easily obtained as '

IO y:’=1 for all i e (4.2)
s; i
A n
Var @)=Y p,, ( X ¥ % o (43)
=1 iesy

Minimising the R.H.S. of (4.3) subject to the condition (4.2) the

optimum values of Yi"s can be obtained by the equation

x; p(s) ( 2'“{ ! xi) =N; p (5)=0 for all i and s,
' i esy ’ N :
or
N
X; [ E Yll x¢—7\¢:|=0 asp (SL)?&O aene (44)
v iceg
where v;’s are the Lagrangian undetermined multipliers.
Now if we consider a population vector

X=(x;#0, x;/=0 for i'#£i=1, 2, ...N) then (4.4) gives

x’ Yisl=7\¢ for all i and s, _ . (4.5)
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‘Multiplying (4.5) by p (s7) and then summing over those sr’s which
contain #** unit, we get

X X e

7\[: =T ! see (4.6)
Eps; ‘
Sl:)i

Equations (4.5) and (4.6) gives

Y_l=% for all i and s, ' . (4.7)
.Equation (4.7) suggests that the necessary best estimator of order one
exists in this class. ‘

Again if we consider then population vector
X=(xi¢0 X, 70, xi=0 i=3,4,..N) " ... (4.8)

The possible samples from the populatlon vector (4.8) will have the
representation of the form

$1=[%:,0, 0...0] . (4.9)

52=[0, %z, 0...0] ..(4.10)

$3=Ix,, X2, 0...0] (@11

51=[0, Ocev ..., 0] L a(412)
- for I#1, 2, 3,

Equations (4.9), (4.10), (4.11) and (4.12) alongwith the equatlon 4.4
give

~

R AT (413)
: Y2y , (4.14)
x Y3+x, X2 YZ =l «(4.15)
X Xy 'Y +x ’3 =7\ ...(4. 16)

The conditions of unbiasedness under (4.9), (4. 10), (4 11): and “. 12)
reduce to

p(sl) 'Y11+p(33) Y13:=1 - ‘..-(4.17)
Py Yp4+Pey 1,0 =1 | .. (4.18)

‘ The equations (4.13) to (4.18) can be solved as they involve only

.....
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6 variables. The solution is given below :

A= (x1+x2) X1
Y Tp, P, tp
[ (e VI ] ’s

h == (x2+x1) Xa
2 p, +p, +p
[ éEn T

*3)

)]
]
% (x1+x5)

% =[ on TP, +p(3)] 1

32= . (x1+x2) (4 19
o [ e 0] @)

D

%1 (p( 2)+p( oy ) Py ¥

)]

; X2 (p(81)+p(ss))—p(sz) %1 B
Y =
2 [ o0y TPoy TP ] X3Py

[p( o Py TPey | %1 P sy,

('3)

From the set of equations in (4.19), we find that the weights
depend upon the population values. Hence the necessary best
estimator of order two independent of population values does not
exist in Ts-class of linear unbiased estimator.

5. NON-EXISTENCE OF NECESSARY BEST ESTIMATOR OF ORDER Two
IN Tg-CLASS OF LINEAR ESTIMATORS

The general estimator for the population total can be defined
as

= 2 X, pj‘ e (5.1)

where [Bi‘ is the weight to be attached to the r** draw of s:h sample

[r=1, 2,...n, I=1, 2,...( ]: )] Thus the total number of weights

in this class are ( ]’Y ) n.

The conditions of unbiasedness in this case come out to be

2 Y e p, =1 (52

r=1 52%

-

a2y
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The second summation includes those samples in which i** unit occurs
at the r** draw.

Also we have

A N 'n
E(T26)=Esz 2 B:SZ‘D(SH

i=1  r=1 5i,

N n ' V
vy 1 g% '
+ E.xl %Yy Y e Pow ()
iF] r#£S S Js
where p _, is the probability of the sample which includes the it
) i

A
,unit at r** draw and j* unit at the s draw. The variance of (T,) is
given by

14 (TA’G)=E (El\"s)z—Tm2 — (5.4)

Minimising the R.H.S. of (5.4) subject to the condition (5.2), the
optimum values of the weights can be obtained by the equation

n

N N
2 sl ] sl
22 % ﬁr P(s”+ E Xi X5 E : Bs p(;:)
i=1

ij=1 s (#r)=1
N
- P, = w (55
2.21 Ap, =0 (5.5)
iI=

for all 5; and r, where A;’s are the Lagrangian undetermined multi-
pliers. '

Now let us consider the population vector

X=[x,70, ;=0 for j (#1)=2, 3,...N].
Then equation (5.5) gives

N

N — ) =

* Br p(‘“’n z A Py 0 (5.6)
i=1

Summing (5,6) over those s;’s in which the i* unit occurs at the r®
draw and then over r we get,

N g 2 "
. Y = * _*M : e (5.7)
. n - . B

=1 ™
. Z 2 p én

r=1. i,
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Equations (5.7) and (5.6) give

s 1 '
pi= — for all r and s; .. (5.8)
r 1
Thus the equation (5.8) suggests that the necessary best estimator of
order one exists in this class.

Let us now consider the population vector X==(x,70, x,7#0,
xi #0forj'#1,2, 3,4,...N). Then possibie samples of size n, from
this vector will also have the same type of representation as we have
in section 4. Of course the difference will be of order. Since the
equation (5.5) is true for all samples and r; the representations of the
“type (4.9), (4.10) and (4.11) will give us

2- s A

x B p(s“=z NP, . (5.9)
2 s
% Brz P(sz)':z AP, ".'(5'10)
and '
n
2 2 s s
( x1+x2) ﬁrl p(sl)-{-x1 X2 E ﬁsl p(s.l)::Z 7\i P(s”
s (#r)=

«(5.11)

If the second order necessary best estimator exists, it must exist for
all types of populations, so that the equations (5.9), (5 10) and (5.11)
must be simultaneously true.

From (5.9) and (5.10) we get
s ’ > A o .
l i
, T oy 4 say ...(5.12)
2 ( x1+x2)
Substituting the value of Bs: from (5.12) in (5.1) we get,

. . n x2 2
2 2 ' A 1+x2)
u[( x1+x2) p("n+x1' x{_,‘ E p(s";) -T2 Py =°

S(#l‘)=l
or
2 2
(x 4x ) . n
T 2) :
u l:_z_ P(s”-{—x1 Xy 2 25” ]=0 «.(5.13)
: T8 (FE)=1

" In L.H.S. of (5.13) each term within the brackets is non-zero implies
u=[3il=0 for all r and s;, which is a contradictidn to the conditions
of unbiasedness in (5.2). Thus the necessary best estimator of order
two does not exist in Ty-class of linear unbiased estimators,
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6. SOME RESULTS ON NECESSAKY BEST ESTIMATORS

Theorem 1. If a necessary best estimator of order r, exists, then
the necessary best estimators of any order less than r always exist.

 Theorem 2. If a necessary best estimator of order r does not
exist, then the necessary best estimator of any order higher than7
does not exist.

The proofs of these theorems are based on the elementary ideas
of quadratic forms and hence omitted.

Remark 1. Ajgaonkar® has proved that the necessary best
estimators of order two exists in the most general class and is same

A
as Yy If it is so then equation (12) p. 460 of his paper should be

satisfied for all vectors of Y. Let us take the following two vectors
Y=[Y,#0, ¥,=0, j=2, 3,...N].
and
Y=[Y,#0, Y,#0, ¥;=0, j=3, 4,...N]
It can be easily scen that for the above vectors his equations
(14) and (15) can not be obtained and which proves the failacy in his
result. Thus our result is consistent with that of Rao’s!® remark

. A
‘Prabhu Ajgaonkar’s (1969) result that Yyr is also the necessary best
estimator of second order is incorrect’. '

Finally we summarise that the necessary best estimators of order
two do not exist in Ty, Ty, Tsy Ts and Ty classes of linear unbiased
estimators. Whereas the equations (2.6), (3.7), (4.7) and (5.8) suggest
that the necessary best estimators of order one exist in these classes
of linear unbiased estimators. It may be noted that these results. are
consistent with that of Hege’s? results. '

SUMMARY

The criterion of necessary best estimators in linear classes of
unbiased estimators was introduced by Prabhu Ajgaonkar. Later he
defined the necessary best estimator of various orders and pointed
out that the minimum variance linear unbiased estimator (MVLUE)
is a necessary best estimator of order N, the size of the finite popula-
tion. In the same paper he showed that the necessary best estimator
of order two exists in the most general class of unbiased lineax
estimators. Rao remarked that Prabhu Ajgaonkar’s result that Y
is also the necessary best estimator of second order is incorrect.
Hege proved the Horvitz-Thompson " estimator of order one'in all the
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classes of linear unbiased estimators. Prabhu Ajgaonkar has
established the existence of MVLUE in T,-class under ‘certain
specified probability systems and not otherwise. But Tikkiwal (1972)

in general proved the non-existence of MVILUE independent of
population values in T,-class.

In the present paper, we examined the non-existence of second
order necessary best estimators, independent of population values in
Ty, T5 and T; classes of unbiased linear estimators. Further it has
been shown that in all these classes the necessary best
order one exists and it is the same as
(1952),

estimator of
given by Horvitz and Thompson
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A CHARACTERIZATION OF THE BIVARIATE
EXPONENTIAL DISTRIBUTION
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Let (X;, Y1), (Xa, Ya),-oes (X, Ya) be 2 random sample of size
n(n>3) from a bivariate population having the distribution function
F(x,y) where F(x, »)=0 if either x<0 or y<0and F(x, ) is
continuous from the right in each argument. Without any Joss of
generality, we assume that

min {X;, i=1,2, ..., B}=X;

min {¥;, i=2, 3, ..., n}=7Yz

Then, min {¥;, i=1, 2, ....;s}=min (¥,, Y2)

and min {X;, Y;, i=1, 2, ...,;s}=min (X;, Y1, Y,)

We define F (x, y)=P {X>x, Y>y} and the vector random variables
U, V, Wby

U=(Xs—2Z, Yo—Z, Xs—Z, Y4—Z, ..., X»—Z, Y.—2Z)
Ve (X=X, Xi—Xq5 ooy Xa—X)
We=(Ys—R, Y;—R, ..., Y,—R)
where R=min (Y, Y,)
and Z=min (X;, Y3, Yy)
In this note we prove the following
Theorm ;: A necessary and sufficient set of conditions for
F(x, y)=¢€ —Ayx—Ayy—hy max (x, 7) for some A;>0, i=1, 2, -
3, is that
(/) U and Z are stochastically independent ;
@) V and X, are stochastically independent ; and
@Gin w and R are stochastically independent.




. (Xd’ -4); o ,(Xm Yn): glVCnZ Z, is

,,1*: (z, 2)
is free of z.” ﬁeﬁée; -
J‘ ; I dF (tty3+ 2, Uy + 2) =F~(s-1+é,- s21+z)' '
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' : -
Proof : If F (x, y)me M¥ MY R mAX (D), o hy g s,
then F ()=F (x, 0)me —P1*h)X
and Fz »=F (0, y)=e — gy, i

It is well known [see Govindarajulu (1966)] that conditions (i)
and (/ii) are both necessary and sufficient for the above requirement
of exponential marginal dxstrlbutlons

The joint conditional probability element of (X, Y,),

n dF (x;, y,)
F(z z)

i=3

<z<xi, 0<2<Cys, =3, 4, ..., 1. )]
and zero élséwhé'r'é. ”He‘r‘l'ce, the’éo‘ndi’tion’al_ probability element of U,
given Z=z, is .

" dF(ulz+z llzz+z)
i=3 F(z, z)

> Ui >0:]= 15 2: 1?39 4, o N

' A 7\
and zero elsewhere. Now, if F (x, y) g e y 7\3 max (x »),

’then SRS 'P’{‘Uli,<ulg; U2i<u2i, '¥3 4 .., n/Z=z}

{ ”_{F itz Uyt 2)+F(z, 2)—F (2, u2l+z)~—F(u1;+z z)}
Con F(z z)

i=3 G

-

does not depend on z.

We now assume that (1) does not dépéﬁd on z. This ”implies
that o '

AF (uyyhz, Uss+2)

F(z; 2) F(z, 2)
u13="51 Hy3z==Sy . oo P .
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does not depend on.z. Allowing zto tend to Of, we now get
F(s1+z 92+z) F(Z z) F (51, S2)

far all s1>0 $2220, 2>0. By Lemma 2. 20f Marshall and Olkin (1967)
the solution of the functional equation in (2) is given by

Fx, y)me X hey —ho max (x, y)

for some A;>0, i=1, 2, 3. This completeé the proof of the theorem.

Corollary : A necessary and sufficient set of conditions for

F(x,y)=e M —hey =R max (x, y) for someA;>0,i=:1, 2, 3,

is that

n n
@ (2 X:i—2), E(YQ—Z)) and Z are stochastically indepen-
i=3 i=3
dent ;

n
(i) Z(X;—X) and X; are stochastically independent ; and
i=3

n
(iii) Z (¥;—R) and R are stochastically independent.
i=3 s

It may be mentioned that the trivariate exponential distribution
[see Marshall and Olkin (1967)] may be characterized in a similar
way.

SUMMARY

In this note we characterize the bivariate exponential distribu.
tion using the properties of a random sample of size n (n>3).
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